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The motion of '8F radioactively labeled papermaking fibers settling in the midst of a
suspension of nonradioactive fibers has been studied using positron emission tomography
(PET). Various fractions were separated from the whole-pulp suspension, radioactively
labeled, and reintroduced into the original suspension. Tracer concentration profiles were
measured dynamically throughout the sedimenting structure over the first 2 h of settling.
These profiles were then used in conjunction with the Eulerian volume-averaged two-
phase flow equations to estimate the permeability and solid-phase stress functions for this
suspension. Good agreement was found between the experimental data and the numerical
model using particular functional forms for permeability and solid stress. The general
approach outlined here can be used to examine the networking characteristics of different
mixed suspensions of fibers. © 2006 American Institute of Chemical Engineers AIChE J, 52:

2697-2706, 2006

Introduction

In the simplest terms, paper is manufactured by filtering a
dilute suspension of cellulose fibers. Under normal processing
conditions, these suspensions aggregate naturally into flocs or
clumps that possess measurable strength. Fiber flocculation is a
deleterious effect as it creates paper that appears cloudy or
grainy when examined in light. Indeed, graininess affects the
aesthetic quality of the paper, especially when printed on, and
influences mechanical properties such as tensile strength.!2

As paper quality is closely related to flocculation, it is useful
to gain a deeper understanding of the particle dispersion (mix-
ing) or clumping (flocculation) mechanisms. There are a num-
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ber of studies found in the literature that consider sedimenta-
tion as a means of understanding these mechanisms.>!! In
general these studies examine settling in the Stokes’ regime,
with dilute suspensions, and focus on understanding the long-
range hydrodynamic interactions that lead to flocculation. Al-
though in some ways the pulp dewatering process is different
from sedimentation, these studies generally still reveal impor-
tant physical aspects of the fiber network formation process.

At concentrations relevant to papermaking, many authors
consider the suspension to behave like a continuum,'>'? and
express the transport of mass and momentum using the Eule-
rian volume-averaged two-phase flow equations.!>!> This ap-
proach constitutes the focus of the current work. Rearranging
this set of fundamental equations leads to a momentum balance
dependent on gravity, solid and fluid stresses, and an interphase
momentum transfer term, all of which can be modeled using
empirical relationships. As expressed by Concha et al.'® for
related sedimenting suspensions, the equations of motion re-
duce to
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In the above equations, ¢ = ¢(y, 1) is the volume fraction of
fibers, whereas ¢, is the initial fiber volume fraction, constant
along the entire initial height of the suspension H,; y is the
vertical distance above the bottom of the column; Ap is the
difference in densities between the fiber and the fluid; g is the
acceleration arising from gravity; u is the fluid viscosity; k()
is the permeability; o,(¢) represents the solid-stress function of
the network; and A(¢) is the elevation of the interface between
the suspension and the clear fluid. The primed symbol repre-
sents differentiation with respect to ¢. Equation 1 assumes that
the Reynolds number is small, the solid- and fluid-phase iner-
tial terms and the shear stress terms are small compared to the
other terms, and the fibers do not deform significantly under the
action of the compressive force.'” For a full derivation and
physical description of Eq. 1, the interested reader is directed to
Concha et al.!®

Of particular interest in the current work are the permeability
and solid stress functions, k(¢p) and o,(¢), respectively. To
facilitate the discussion of results to follow, we briefly describe
their physical significance here. The concept of permeability
originated from the classic Darcy’s Law relating flow rate to
the pressure drop through a porous bed of particles.!® It phys-
ically represents the ease with which a particular fluid perco-
lates through a given porous structure and appears in the
formulation empirically by the interphase momentum transfer
term. For cellulose fiber suspensions, researchers represent the
permeability k(¢) of the network by either a Kozeny—Carman
expression, multibody drag models, or Lattice—Boltzmann sim-
ulations.'?2! A large variation in permeability functions, which
is reported in this literature, stems from the irregularity in the
size and shape of the fibers and differences in their ability to
absorb and retain water. Aspects of this have been addressed in
the papers by Jonsson and Jonsson.?223 As a result, k(¢) is
treated as an empirical function that must be determined ex-
perimentally for the particular suspension under study.

The solid stress function o,(¢) describes the uniaxial com-
pression of the fiber network. In Eqs. 1-5, the solid phase is
treated as an isotropic material, the shear stresses in the net-
work are neglected, and the solid-phase stress tensor is com-
pletely characterized by o,(¢) alone. A commonly cited func-
tional form of o,(¢) is

2698 DOI 10.1002/aic

Published on behalf of the AIChE

[0 o=,
O'e(d)) - {m((bn _ 2) . (;b> d)g (6)

where m and n are empirical constants and ¢,, the gelation
point, is defined as the value below which o,(¢) cannot be
experimentally distinguished from zero.?> The monotonically
increasing functional form is consistent with physical intuition.
Compression of the network to higher concentration is
achieved by continuous increase in applied pressure. This in-
crease grows sharply as the material becomes more com-
pressed. It should be noted that Martinez et al.> measured ¢,
experimentally. This formulation for o,(¢) neglects plastic
deformation and time-dependent behavior, which are not im-
portant for our study.

From the above development, it is clear that the equations of
motion do not constitute a closed system. The success of a
mathematical model in this case is dependent on the accuracy
of the closure equations for the permeability and solid-stress
functions, which must be determined by experiment. Our ob-
jective in this paper is to do so using an iterative procedure that
attempts to match experimental data to a numerical model.

This article is organized as follows. The transient settling
process is explored with a new tool: positron emission tomog-
raphy (PET). Here, the behavior of fluorine-18 ('®F)-labeled
papermaking fibers settling by gravity in the midst of a sus-
pension of nonradioactive fibers is studied using PET. We
measure the concentration profile of the radioactive tracer
along the sedimentation axis as a function of time. We then
follow by outlining the numerical method used to solve the
inverse problem, that is, to estimate k(¢) and o,(¢p) by com-
paring the equations of motion to the experimental data.

Visualization of the Transient Settling Process

There are a number of experimental techniques currently
available to visualize the settling process: light transmission,?*
X- or 7y-ray, acoustics,?>2¢ or nuclear magnetic resonance.?’-3°
For papermaking suspensions, it is important to measure the
motion of the various fiber fractions within a suspension, from
low to high concentrations, to gain insight into the macroscopic
properties of the suspension. The experimental measurements
mentioned above are “global” in nature in that the motion of
individual particles cannot be detected. Herzhaft et al.3' re-
cently visualized the motion of marked fibers, in a suspension
of unmarked fibers made optically transparent by matching the
index of refraction. Although this technique worked well with
glass fibers, where all particles have similar physical proper-
ties, this technique would be difficult to use with papermaking
suspensions. As a result, one objective of this paper is to
develop a method to visualize the motion of the fibers in
papermaking suspensions. We do so using a new tool: positron
emission tomography (PET).

Suspension preparation

A suspension of thermomechanical pulp fibers in water was
used in this work. Fiber-length fractions of this suspension
were obtained by classification in a Bauer—McNett classifier.
Fractions of various fiber lengths were collected separately and
stored for further testing. Fiber length was measured for each
fraction with an automated fiber length analyzer (FQA obtained

August 2006 Vol. 52, No. 8 AIChE Journal



oo Long Fibres

5

Mixed Fibres

2

Probability Distribution
(=]
o
<

2
g
e

Loy P,

0.5 1 1.5 2 25 3 a5 4 4.5 5 5.5

Fibre Length [mm)]

Figure 1. Fiber length distributions for the long and
mixed tracers.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com]

from Optest.ca). Two fiber fractions were chosen for further
study; we will refer to these as the “long” and “mixed” tracers.
The fiber-length distributions of the tracers are shown in Figure
1. Based on the initial settling velocities reported by Marton
and Robie3? for mechanical pulp fibers, we estimate the fiber
Reynolds number, defined as [V p/u, to be approximately
102, Thus, the effect of inertial forces is assumed negligible
for the experimental conditions tested.

The sedimentation experiments were performed in a plastic
jar with a circular cross section having an inner diameter of
87 £ 1 mm. This represents a diameter that is at least 401,
based on the long fiber fraction. This is sufficiently large to
accurately measure bulk properties in the middle of the sus-
pension. It should be noted that the plastic jar was slightly
rounded at the bottom with a radius of curvature measured to
be 200 mm. The suspensions filled up the jar to a height of
about 159 = 3 mm for all tests.

The settling experiments were conducted by first radioac-
tively labeling a selected Bauer—McNett fraction of fibers with
'8F and reintroducing this into the original suspension. Details
of the labeling procedure were previously described.? Briefly,
the fibers were suspended in a solution of acetic acid while
'F_F, was bubbled through the suspension at 10 mL/min with
constant stirring. After the addition of the fluorine, the fibers
were filtered and washed with distilled water. At this point the
fibers were labeled with '®F with a 10% yield based on the total
radioactivity introduced. '®F was chosen here in preference to
other positron emitting tracers such as >0, ''C, or '*N because
of its reasonably long half-life of 110 min and its reactivity
with pulp fibers. Known masses of both the radioactive tracer
and nonradioactive fibers were added to the sedimentation jar
and the rest of the jar was filled with water. Care was taken to
re-create the same fiber-length distribution for the whole-pulp
suspension. Typically, 0.3 g of radioactive fibers was used for
each experiment in about 2 g of total fibers. The radioactive
fibers therefore represent only a small fraction of the total fibers
in the system, and any potential change to the surface chem-
istry of the fibers arising from the labeling process is assumed
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to be negligible. Air was removed from the suspension by
using vacuum and the suspension was mixed by rotating and
tumbling the jar for about 5 min. The experiments were con-
ducted at a concentration of 2.3 kg/m?.

Visualization

Positron emission tomography (PET) is an imaging tech-
nique widely developed for diagnostic medicine but has re-
cently been applied to engineering studies.?3#° Each emitted
positron annihilates with a nearby electron producing two
collinear 511-keV vy-rays traveling in opposite directions. Si-
multaneous detection by +y-ray sensitive detectors located on
either side of the system*' defines a line close to which the
radioactive decay must have occurred. By detecting many of
these decays, the distribution of activity can be determined.
With the tomograph used here (ECAT 958B, Siemens Medical
Systems, Malvern, PA), images are scanned along 31 different
parallel planes, 3.37 mm thick, to give an axial extent of about
100 mm. Each axial plane is made up 128 X 128 pixels, 2.53
mm?.

The following imaging protocol was used for both the long
and mixed fraction tests. A total of 27 images were captured
over 2 h of imaging. The framing rates were as follows: four
images at 15-s exposure times over the first minute; two frames
with 30-s exposures over the second minute; eight images at
1-min exposure times over the next 8 min; four images at 5-min
exposure times over the next 20 min; and then nine images at
10-min exposure times. After each experiment, a “transmission
scan ” was made to calculate the corrections for photon atten-
uation from the nonradioactive materials in the suspension. The
transmission scan was performed after the radioisotope was
allowed to decay for nearly ten half-lives.

Visualization results

The transmission scan provided the necessary calibration for
calculating the true activity so that the data can be recon-
structed into three-dimensional emission images as illustrated
in Figure 2. Activity was then related to the mass of radioactive
fibers from an independent calibration procedure.? In most
sedimentation studies found in the literature, researchers usu-
ally assume that the spatial distribution of particles in the
horizontal plane is uniform. This assumption can be verified
with these images and we estimate that the variation in each
horizontal plane to be nearly 17%. This estimate remains
essentially constant for every time step. As a result, we repre-
sent the dynamics of the sedimentation process as vertical
concentration profiles determined from averages of square sub-
images (46 X 46 mm), sampled from the center of the sedi-
menting jar. Image reconstruction and analysis were performed
with MATLAB (The MathWorks, Natick, MA).

It should be noted that we are uncertain of the concentration
measurement in the first few pixels near the top of the sedi-
ment. There are two phenomena that need to be considered
here. It is well known that at interfaces between radioactive and
nonradioactive materials, PET images appear somewhat
“smeared” when reconstructed. Smearing generally occurs
over two to three pixels. On the other hand, a naturally occur-
ring concentration gradient must exist at this point as a result of
polydispersity and hydrodynamic self-diffusion effects.?” Ac-
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Figure 2. Three-dimensional reconstruction of the ra-
dioactivity distributions inside the settling jar
at different times.
(@)t =4,()t=12,(c)t = 20, (d) + = 28 min. The axes
represent the pixel positions.

curately decoupling the “smearing” from the real concentration
gradient is difficult, if not impossible. In this work we do not
attempt to decouple these effects but, instead, delineate the
areas of uncertainty in the measured signal by the hatched lines
given in Figure 3 (reproduced from Martinez et al.?). Only four
of the 27 total profiles are plotted for clarity. In these profiles,
each data point represents normalized concentration C/C, at a
particular normalized height y/H,,. The decrease in the signal at
about 5 mm from the bottom of the container reflects the fact
the bottom of the jar was rounded. By integrating these curves,
we find that the total radioactivity remained essentially con-
stant for every time step. The total radioactivity, found to vary
at most 4%, demonstrates the internal consistency of the mea-
surement technique.

The form of these profiles was found to be similar for all
cases tested by Martinez et al.,> and the time frames shown
clearly illustrate the dynamics of the sedimentation process.
We complement this result by reporting the height of the
interface between the suspension and the clear water for both
fiber fractions tested, as shown in Figure 4. We show data for
only the first 30 min of the 2-h experiment because the inter-
face height does not noticeably change beyond this point. We
find that initially the interface moves downward at a constant
rate as a layer of sediment builds up at the bottom of the
container. We speculate that as the interface approaches the
height of sediment, its rate of fall decreases until a “critical
settling point” is reached when a direct interface is formed
between the sediment and the nonradioactive material. At this
point the sedimentation rate decreases dramatically. Further
sedimentation beyond this point results solely from the consol-
idation of the sediment. Finally, it is interesting to note in
Figure 3 that at + = 10 min a large concentration gradient is
evident in the sediment. The porosity of the sediment is small-
est at the bottom because the compressive force resulting from
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the weight of the fibers is greatest. Although network com-
pressibility has been observed by other researchers,!21342 these
profiles illustrate that it leads to a very significant concentration
gradient in the sediment to a degree that the use of an average
sediment concentration is questionable as a means of charac-
terizing the suspension.

It is evident from these plots that there is a higher concen-
tration of the mixed fraction tracer than the long fraction tracer
at the bottom of the settling jar. This suggests that the small
particles in the mixed fraction are more mobile and network
formation commences with the immobilization of the longer
fibers. However, we note that the differences are quite small.

Finally, with the uncertainty in the measured interfacial
heights, we found no statistical difference between the initial
settling rates of the different fiber fractions, see Figure 4. This
contrasts the results of Marton et al.3> who report that long
fibers settle at higher rates than shorter ones, when tested
separately, that is, when the individual fiber fractions are al-
lowed to settle by themselves. Our findings apply to settling
rates of fiber fractions inside a mixture. This phenomenon
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Figure 3. Concentration profiles from PET with (a) the
long fraction tracer and (b) the mixed fraction
tracer settling within the suspension.

For clarity, only four of the 27 images are shown in each
graph. [Color figure can be viewed in the online issue, which
is available at www.interscience.wiley.com]
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results from the fact that larger fibers are retarded to a greater
extent than the smaller ones in these concentration regimes.

Estimating Permeability and Solid-Stress
Functions

The previous section established the usefulness of PET to
measure the evolution of the solidity profile in a settling sus-
pension. It also showed that significant concentration gradients
existed over the depth of the sediment, implying that there is no
unique sedimentation concentration. To make these sediment
tests useful, a method was developed to estimate k(¢p) and
o,(¢p) from these experimental measurements. An inverse
solver was used to estimate empirical parameters of the con-
stitutive relationships by comparing the experimental data to
Egs. 1-7.

The inverse solver consisted of the following four major
components. The first component was the selection of appro-
priate functional forms for k(¢) and o,(¢p) to completely close
the set of equations. In the current work, solid stress was
characterized by Eq. 6, whereas permeability was modeled
using the relationship

pe "

k(¢) = e (7

where p and r are empirical constants to be determined. This
relationship is similar to the form reported by Koponen et al.?!
obtained from Lattice-Boltzmann simulations. With the selec-
tion of these two relationships, complete solution of Eqs. 1-7
ultimately depended on the set of four empirical parameters m,
n, p, and r arising from the two constitutive functions.

The second component is the use of a “forward” finite
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difference solver for determining a numerical solution of Eq. 1,
given a particular set of m, n, p, and r. Briefly, Eq. 1 was
discretized using an explicit Euler time-advance scheme for the
time derivative, a second-order three-point monotone scheme*3
for the first derivative “convective” term, and a second-order
conservative approach for the second derivative “diffusive”
term. For any given set of m, n, p, and r, ¢ was then determined
at all spatial and temporal points of interest. A rather sophis-
ticated discretization of the first derivative term was necessary
to maintain a sharp discontinuity at the suspension—supernatant
interface. Further details of the forward solver are included in
the Appendix.

The third component is a simple least-squares calculation
required to quantify a pointwise comparison between the ex-
perimental data obtained from PET and the calculated guess
from the forward solver. The least squares calculation used was

S(m’ n,p, r) = E z [((;bexpt)_; - ((bculc)_;:]z (8)

where (d)cxpt)j is the experimental solidity measured at time
step i and spatial point j, (¢.,.); is the corresponding solidity
from the forward numerical solution at i and j, and § is the
overall discrepancy between the experimental and numerical
solutions. It is determined by summing the squares of the
differences at all i and j, and is a function of the set of empirical
parameters.

Finally, the fourth component of the inverse solver was the
use of a minimization scheme, called Powell’s method to find
the minimum of S and ultimately the solution to (gbcalc)} that
provides the best fit to the experimental data. Powell’s method
was chosen for this problem because of its robustness and
relative simplicity in comparison to conjugate gradient meth-
ods, which require additional calculations for function deriva-
tives that are often difficult and computationally expensive.**
In the current work, the discrepancy S is a four-variable func-
tion of m, n, p, and r. Minimization of S was achieved through
a series of line minimizations using the one-dimensional
Brent’s method along one given direction. These line minimi-
zations were performed successively in different directions
chosen for optimal efficiency, based on the detailed description
provided in Press et al.**

Results and Discussion

For all results presented below, the numerical solutions were
obtained using 201 grid points (including endpoints) with a
constant time step of Az = 0.025 s to ensure stability of the
time-marching scheme for this grid spacing. This grid size was
chosen to ensure proper grid convergence of the solution with-
out being too computationally expensive. For Powell’s method,
all parameters were converged to an accuracy of four signifi-
cant figures. This was ensured by determining through trial and
error an appropriate order-of-magnitude scaling for each pa-
rameter such that the searching procedure for the optimum
parameters was performed over a smaller range of values.
More specifically, scaling parameters for m, n, p, and r were
108, 10°, 107'", and 10", respectively. Powell’s method was
then reduced to optimizing coefficients for m, n, p, and r that
lay within the range of about 1 to 100, which significantly
improved the performance of the algorithm. Note that without
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Figure 5. Comparison plots of the long fraction tracer, for selected times from t = 1 min to t = 10 min.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com]

the scaling parameters, the expected optimum values for m, n,
p, and r would span a range of 10",

The best fits of the model to the experimental data for the
long and mixed fractions are shown in Figures 5 and 6 respec-
tively. The dots represent the experimental results obtained
from PET and the lines represent the numerical solution ob-
tained from the forward solver. The first observation that can
be made from these figures is the model fits the data reasonably
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well, given that the correlation coefficient was found to be P =
0.94 for the long fraction and r* = 0.96 for the mixed fraction.
Estimates of the parameters m, n, p, and r are shown in Table
1. Because of the uncertainty with experimental data, these
parameters are reported with only two significant digits, even
though the convergence criterion for Powell’s method was for
four significant digits. In general, similar values were obtained
for both trials, with the values of m and p being slightly
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different. The variation in these parameters was enough to
characterize the major differences in settling rates and network-
ing behavior between the two fractions.

Equation 7 was found to be the best choice for the functional
form of k(¢). An exponential form k(¢p) = pe ", used by
Koponen et al.?' for modeling the permeability of three-dimen-
sional random fiber webs, was also tested, but was found to be
unsuccessful in matching the experimental data. The exponen-

AIChE Journal August 2006 Vol. 52, No. 8

Table 1. Optimal Parameters Obtained for the Long and

Mixed Tracers

Parameter Long Fraction Tracer Mixed Fraction Tracer
m 11 % 108 7.2 X 108
n 40 4.0
P 1.4 x 107" 1.8 X 1071
r 4.0 X 10% 4.0 X 10%
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tial form fitted the data from Koponen et al. for the range 0.2 <
¢ < 0.6. In our case, however, where much lower solidities of
¢ < 0.005 were studied, the exponential form was unable to
generate a sharp discontinuity in the numerical solution at the
suspension—supernatant interface. Because other forms cited in
the literature (including the Kozeny—Carman relationship) in-
corporated a factor of 1/¢ that allowed for infinite permeability
as solidity approached zero,*> Eq. 7 essentially combined this
feature with the exponential form. This provided a good fit with
the experimental data and also produced a sufficiently sharp
discontinuity at the interface.

As shown in Figures 5 and 6, there were features of the
experimental data that were not captured by the model. As
discussed previously, there was uncertainty in the experimental
measurements at the interface between the suspension and the
clear fluid. As a result we were uncertain of the concentration
profile in this region. This also led to an uncertainty in mass
because it was difficult to accurately integrate the area under
the experimental curves. Thus, a small error in mass conser-
vation of nearly 4% was found over the time of settling.
Further, the experimental data were volume-averaged such that
small-scale features were filtered. Consequently, we cannot
expect the experimental data to fit the model at the sharp
discontinuities, either at the interface or between the free-
settling zone and the networked region. Note that the horizontal
line between the free-settling suspension region and the con-
centrated network represents a discontinuity and has physical
significance. The solidity in the free-settling zone remains
constant at the initial solidity, ¢ = ¢,. However, by definition,
the top of the network must reach the gelation point ¢,. This
difference creates the discontinuity in the numerical solution.

Finally, in most trials conducted, fluctuations in the concen-
tration profile were evident in the data near the start of the
experiment. An example of this can be seen in the plots at t =
1 min in Figures 5 and 6. This phenomenon was also evident in
the data reported by Martinez et al.? Although we do not have
an explanation for this phenomenon, Herzhaft et al.3! reported
horizontal and vertical velocity fluctuations in their sedimen-
tation experiments with both dilute and semidilute suspensions
of glass rods. These velocity fluctuations very likely led to the
oscillatory nature observed in our concentration profiles. Un-
fortunately, such a phenomenon cannot be captured by the
model and may indicate a limitation in the model’s usefulness.

Conclusions

In this article, we studied the sedimentation of papermaking
fibers in semidilute suspensions to determine the permeability
and solid-stress functions. To do so, a novel approach using
positron emission tomography was used to measure the evolu-
tion of the solidity profile. Here '*F-labeled fibers were used as
tracer particles. With this technique, we were able to confirm
the existence of a substantial concentration gradient in the
sediment layer. This is a significant finding because it shows
that an average sediment concentration cannot be used as a
means of characterizing a fiber suspension. We subsequently
compared the experimental data obtained from PET to the
Eulerian volume-averaged two-phase flow equations, with as-
sumed relationships for the solid-stress and permeability func-
tions (Egs. 6 and 7, respectively). Estimated values for the
empirical constants m, n, p, and r were obtained successfully
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using an “inverse” solver that consisted of a forward finite
difference solver, a least-squares fit calculation, and Powell’s
method for minimization. Good agreement was found between
the experimental data and the numerical model using the spec-
ified functional forms and the fitted parameters. This general
approach can be used either to examine the networking char-
acteristics of different mixed suspensions of fibers or to inves-
tigate other possible functional forms for solid stress and per-
meability.
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Appendix

Examination of Eq. 1 reveals that it is a mixed hyperbolic—
parabolic equation because of the piecewise nature of the solid
stress function. A suitable discretization must therefore be
chosen to deal with the inherent difficulties of this equation.
After carefully reviewing the literature, we chose to adopt a
numerical scheme outlined in Biirger et al.*®¢ A summary of this
method is given below. To aid in this summary, we define the
different derivative terms in Eq. 1 as such: the first term is
defined as the “time derivative”; the second term as the “con-
vective term”’; and the third term as the “diffusive term.”

First, consider the discretization of the convective term.
Here, we use a second-order three-point monotone scheme,
which is described in detail by Evje and Karlsen.*? If we define

H(¢) as

Apg k()

H(¢) = — "

(AD)

the proposed scheme results in the following discretization:

ad . F(‘bf’ <§bjL+1) - F(d’f—l’ d)jL
3y H(®) = 5 (A2)
where F is the general upwind flux function, defined as
F(j, i) = H'(d)) + H (1) (A3)
b
H*(¢) = H(0) + J max[H'(s), 0]ds (A4)
0
¢
H ($) = f min[H’ (s), 0]ds (A5)
0

The inputs of F in Eq. A2, ¢,L and ¢®, which are the left and
right extrapolated values of the general solution point ¢, are
evaluated as

Ay

b= b =5 (A6)
#=7+#%' (A7)
given
= S(fbf ;yfbﬂl ’ ¢}’+1A; <1>f> (A8)
and
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) (A9)

s(a, b) = % [sgn(a) + sgn(b)min(|a

where s(a, b) is the minmod limiter. Note that the superscripts
L and R merely indicate the direction of the extrapolation (left
or right); that is, these extrapolated values are still evaluated at
time step n.

For the diffusive term, if we define P(¢) as

 k()ol()

Al0
m (A10)

P(¢) =

the term can be discretized using the conservative approach,
that is,

0 ap\ @ B
@(P(dﬁ @) —ryzA(¢>)~

A(P-) — 2A(d)) + A(P}y)
(Ay)?

(Al1)

where

¢
A() =J P(n)dn (A12)

0

represents the antiderivative of the nonlinear function P(¢).

When Egs. A2 and All are implemented with an explicit
Euler time-advance scheme for the time derivative term, the
overall discretization of Eq. 1 becomes

[ -4 R 9 — F(E ¢
At Ay

A — 2A(8) + AL
B (Ay)?

(A13)

which can be solved by marching the solution fromnton + 1.
The algorithm was implemented using C. The code was then
validated with a simple analytical diffusion—convection prob-
lem as well as with results from Biirger et al.*¢
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